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Motivation

Consider the optimization problem

min  f(x)
st. P(g(x,£)<0) > «

with objective function f, constraint g, decision vector x, random variable £ (with
probability distribution and density function) and probability level «.

We have:
Plo(x&) <0)= | () ez
M(x)
with
M(x) = {w € 2] g(x,&(w)) < 0}.
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Motivation

Consider the optimization problem

min  f(x)
st. P(g(x,6)<0) > «

with objective function f, constraint g, decision vector x, random variable £ (with
probability distribution and density function) and probability level «.

We have:

P(g(x.€) < 0) = / 0e(2) dz.

M(x)
with
M(x) = {w e Q| g(x, {(w)) < 0}.

Is there a ,better” way to compute this probability?
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Mathematical Background

Definition: kernel density estimator

Let Y = {y1,---,¥n} C R"” be independent and identically distributed samples of the
random variable Y, which has an absolutely continuous distribution function with
probability density function ¢. Let K be a kernel function.

Then the kernel density estimator gy corresponding to the bandwidth h € (0, ) is

defined as N
ont2) = 3 oK (557
i=1

.......... i h=0.25
0.45 : = = =h=052591

-3 -2 0 2
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Mathematical Background

Theorem: Spheric radial decomposition (SRD)

Let £ ~ N (0, R) be the n-dimensional standard Gaussian distribution with zero
mean and positive definite correlation matrix R. Then, for any Borel measurable

subset M C R” it holds that

P €M)= [ ndr = OlrLv € My (v).
Sn—1

where S"~1 is the (n — 1)-dimensional sphere in R", y, is the uniform distribution on
S"=1, u, denotes the y-distribution with n degrees of freedom and Lis s.t. R = LL".

e
—_
=
S

/zz
I Ee——

1
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Outline

1) Probabilistic Constrained Optimization on Stationary Gas Networks
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Statio

hary Gas Networks: Mathematical Modelling

e Consider a connected, directed, tree-structured graph G = (V, £) with

vertex

set Vandsetofedges £ CV x YV

e From the root the graph is numbered using breadth-first search or depth-first

search

The stationary isothermal Euler equations for ideal gases:

quasilinear _semilinear

g

QX:O qX:O7

L@ _ Al 2, _ 2\ dlal
p ), 2D p * 2D p
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Stationary Gas Networks: Mathematical Modelling

e Consider a connected, directed, tree-structured graph G = (V, £) with
vertex set V and set of edges £ C V x V
e From the root the graph is numbered using breadth-first search or depth-first

search

The stationary isothermal Euler equations for ideal gases:

quasilinear

qX:O7

paeile]
2 Y MM
e
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Stationary Gas Networks: Mathematical Modelling

e Consider a connected, directed, tree-structured graph G = (V, £) with
vertex set V and setof edges £ CV x V

e From the root the graph is numbered using breadth-first search or depth-first
search

The stationary isothermal Euler equations for ideal gases:

o q(x) = ki
qX - - » )\F
> A" glal p?(x) = ——=(RsT)?q(x)|a(x)|x + k2,
Cpx = ———— c<D
= ki ko € R
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Stationary Gas Networks: Mathematical Modelling

Boundary Conditions:

Inlet pressure _Gasoutflow

bi € Ry represents the con-
p%(0) =po € Ryg Ve e & (v) sumers gas demand at node v;

(i:17"'7n)

Coupling conditions at the nodes:

pe\ 2 pe\ 2
> a(3) -0 5 e(5) ' wenn

ecE_(v) ec&(v)

Continuity in pressure

p® (L) = p*%(0) Ve € E_(v), e € (V).
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Stationary Gas Networks: Mathematical Modelling

e Let p € R" be the vector of pressures at the nodes vy, --- , v,
* We assume box constraints for the pressures at the nodes: p; € [p", p]

Set of feasible loads

( )

(p,q) € R" x R" satisfies:

stationary semilinear isothermal Euler equations ,
inlet pressure and gas outflow, >
conservation of mass and continuity in pressure,
pressure bounds.

M = < bERgo
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Stationary Gas Networks: Mathematical Modelling

e Let p € R" be the vector of pressures at the nodes vy, --- , v,
e We assume box constraints for the pressures at the nodes: p; € [p™", pi"|

Set of feasible loads

( )

(p,q) € R" x R" satisfies:

stationary semilinear isothermal Euler equations ,
inlet pressure and gas outflow, >
conservation of mass and continuity in pressure,
pressure bounds.

M = < bERgo

\ /

e Assume that the consumers gas demand is random in the sense, that there is a
random variable
gb ~ N(,LL, Z)v
on an appropriate probability space. We identify b with the image &p(w) for w € Q.

For a given inlet pressure, can we guarantee, that every consumer receives their
demanded gas, s.t. the gas pressure in the network is neither too high nor too low,
in at least o% of all scenarios?
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Stationary Gas Networks: SRD vs KDE

Define Pr2x := @7, [p™", p™|. Then we have P(b € M) =P (p € Pn).

min min

gas dynamics\

2 N

2 2

2 o

(b) Unknown distribution (gray),
well-known set of feasible pressures
(orange)

(a) Well-known distribution (colored),
unknown set of feasible loads (gray)

Figure: Scheme of the SRD vs. scheme of the KDE
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Stationary Gas Networks: Application of the SRD

Define a function g : R" — R”, where g;(b) states the pressure loss from the root to
node v;.

A load vector b € RZ, is feasible, i.e. b € M, iff the following system of inequali-
ties hold: -
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Stationary Gas Networks: Application of the SRD

eletS={wvi, -, Vngp | DE @ uniformly o(r)
distributed sample of the unit sphere S™

e For v € S identify the load vector with the one
dimensional rays: b,(r) = rLv + u \\/@

e Define the regular range: 0 '
ereg:{r>0’bv()>0} !

e Use Lemma 1 to compute the one dimensional sets M, = |J;*, [a, @]

e Evaluate the x-distribution: 4,(M,) = 3", F\(av,;) — F\(a,)

probability via SRD
Z Z F(av)) — F(ay))

veS j=1

]P)NSRD(b c M NSRD
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Stationary Gas Networks: Application of the KDE

o Let B={ b5 ... b=} C R, beindependent and identically distributed
samples of the random variable &,

e Let Pg = { p(b>"), .-, p(bSNwe) 1 C R” be the corresponding pressures at the
nodes (also independent and identically distributed)

bandwidth matrix

H/,i = h? (ZNKDE)I'J
1 1 =
K(x) = H exp (——Xj2> _ 4 e
i v an 2 = (n+2)NKDE

kernel density estimator (b7 := H;))

N n N\ 2
kDE e p_(bs,,)
QP,NKDE(Z) Nioe Hj 1 j Z H \/_exp ( ( : l;j ) )

i=1 j=1
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Stationary Gas Networks: Application of the KDE

IP)NKDE(p S Prr:ﬁlx) = / ) Q,O,NKDE(Z) az

min NKDE . B | SJ )
= / Z H exp — (Z pi(b )> dz
Pmax NKDE H/ 1 _/ 1 j 1 \/ 2 h_/

Nkpe n

max 3 2

1 /Pj 1 1 (Zj _ ,Oj(bs"))
- exp | —= dz:
NKDE Hjn:1 hj ; H p/r_nin \/ 27‘(‘ ( 2 hj )
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Stationary Gas Networks: Application of the KDE

IP)NKDE(p S Prrr?uar\mx) = / ) Q,O,NKDE(Z) az

min

Nkoe i\ 2
— / Z ﬁ exp — (Z _ pj(bS, )> dz
Pmax NKDE H/ 1 _/ \/ 2 h_/

=1 j=1
Nkpe n pmax SN 2
1 1 . DN )
o ST e (1 (2220))
Nkoe [ [ hy = 1o V2m 2 h;
Gauss error function: erf(x / exp t2 at
G
probability via KDE

Ncpe n ] i /
o 1 pmax . pj(bS,l) B pmm . pj(bS,l)
IP)NKDE(p = Pmm ) NKDE2n Z [ 1 [erf ( \/E hj erf \/§ hj

i=1 j—1
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SRD vs KDE: Advantages and Disadvantages

e Powerful tool : : :
SRD e Reduces dimension of integration e Analytical solution required

e Almost surely convergence

KDE e Almost always applicable e Curse of dimensionality
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Stationary Gas Networks: Optimization

For f: R" — R, p™ — f(p™>) convex and « € (0, 1) consider

(0)

p

N\

min
pmaxeRn

S.1.

f(pmaX) ( min f(pmaX)

pmaxe]Rn
P(b € M(p™)) > a (OA) st Py (be MpP™)) > a
pmax Z pmin pmax 2 pmin

e Assume that the set of admissible upper pressure bounds for (O) and (OA) is
nonempty

e Assume that f is strictly monotonous increasing
Then there exists a solution p*™ of (O) and py "> of (OA), s.t.

P(b € M(p~™)) = a,
]PNKDE(b = M(p;k\;}in;x)) = Q.

Michael Schuster -
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Stationary Gas Networks: Optimization

Define g*(p™) and Z (gj,..» Znpe @nalog) as

ga(pmaX) =y — ]P)(b 6 M(pmax))j
Z:={xecR"| x>p™ and g“(x) = 0}.

Theorem 3 part 1

Let a probability level a € (0, 1), an inlet pressure py and a lower pressure bound
p™" be given.
e Assume that the set of admissible upper pressure bounds for (O) and (OA) is
nonempty
e Assume that f is strictly monotonous increasing
Let p=™2* be a solution of (O).
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Stationary Gas Networks: Optimization

Define g*(p™*) and Z (gp, .., Znoe @nalog) as
ga(pmax) = oy — ]P)(b e M(pmax))7
Z:={xcR"| x> p™ and g“(x) = 0}.

Let p*™2* be a solution of (O).
e Assume that p*™®* is unique
e Assume that for all x € Z there exist dy, db € R"\{0,} s.t. forall 7 € (0, 1):

9°(x+7d;) <0 and g% (x+ 70d2) > 0.
e Assume that there exist 9, ¢ > 0, s.t. for p € Z with
lp*™* = pl| > /2 itholds [f(p*™) — f(p)| > €

Then there exists Nkpe sufficiently large, s.t. the solution py™** of (OA) is close
to p~™m, i.e.
*,max . *,max
IP™™ = Phe | <0 a.s.

Michael Schuster - FAU Erlangen-Niirnberg - Nodal Control and Probabilistic Constrained Optimization using the Example of Gas Networks 21
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Outline

2) Probabilistic Constrained Optimization on Dynamic Gas Networks
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Time dependent Uncertainty

e Write a function f as Fourier series

=" &) vnlt)
m=0

e For random variables ¢, ~ N (1, o) define

Zﬁm

f) ¥m(1)

2 o1

gas outflow g in kg

-
=]
o

-
=i
o

-
[=]
o

-
o
(=]

140 [

-
(=]
o

120

15 random gas demand scenarios

deterministic gas outflow
— random scenarios

0 5 10 15

timetinh

20
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Time dependent Uncertainty

e Write a function f as Fourier series

=" &) vnlt)
m=0

e For random variables ¢, ~ N (1, o) define

Zafm ) ¥m(t)

Time dependent probabilistic constraint

2 o1

gas outflow g in kg

-
=]
o

-
=
o

-
[=]
o

-
o
(=]

-
(=]
o

120

B
o
T

15 random gas demand scenarios

s,
=7 -

deterministic gas outflow
random scenarios

0 5 10 15

timetinh

P(be M(t)Vte[0,T]) > «

,We want to guarantee that a percentage « of all possible random scenarios is

feasible in every point in time t € [0, T].”

20
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Dynamic Gas Networks: Mathematical Modelling

e Consider a connected, directed graph G = (V, £) with vertex set V and set of
edges £ CV x V.

isothermal Euler equations (for ideal gas)

pt+qX:07

(1SO) > g\ A gqlq
qt‘|’ C,O-l—; X__@T

set of feasible loads

( The solution of (ISO) with

e initial conditions,

b:[0,T] - R"| einlet density and gas outflow,

bi € Lip([0, T]) | e conservation of mass, >
e continuity in pressure,

satisfies box constraints for the density in t*. |

M(t*) :=

/"

\
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Dynamic Gas Networks: Application of the KDE

e Consider a sequence of random variables (£m)m>o0 With £, ~ N (i, L)

eForm>0letA,={as, - ., o Nwe } be an independent and identically
distributed sampling of the random variable &,

o Let By ={ b”1(t), -, bMoE(t) } be the corresponding sampling of the random
boundary functions (also independent and identically distributed)

o Let Pz = { pout(t, b°),- -+, pout(t, b*"N<E) 1 be the corresponding sampling of
densities at the outflow nodes

e Prvte [0, T] <« t,-), € Po
pout(t, ) € P [0, T] tr?(;nﬂp ut( )tr?(?)ﬁpout( )

_ . N\T
e Fori=1,--- Ngpe let Py = [(Bout(bw), ﬁout(b“v’)) ] be the sampling of

minimal and maximal densities.

probability via KDE

Apply KDE as in the stationary case to 2n-dimensional sample
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Dynamic Gas Networks: Application of the KDE

probability via kde

P( pout(t) € 7’&’.‘? vte[0,T]) =

N n max __ w, i min __ w,i 7
& orf Pj Bj,ou’.[(b ) orf Pj _j,out_(b )
N o2n
NKDE 22 V2 pymin N pini

i=1 j=1 L

Nerf pjmax pjout(ba”) ot pjm pjout(bwl)
\/éhjmax \/éhjmax

Optimization analog to the stationary case!
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Dynamic Gas Networks: A Numerical Example

Consider (ISO) on a single edge:

pvo(t)@ (1SO) @b‘“(t)

Variable Letter Value Unit e B
lower density bound p™ 34  kg/m3 .
speed of sound inthe gas ¢ 343 m/s E

pipe friction coefficient A 0.1 ;’

pipe diameter D 05 m i

pipe length L 30 km St g oo
final time T 24 h L
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Dynamic Gas Networks: A Numerical Example

Density att=0h

46 - 1
P
=
P4r 1
§=
]
=42 - -
c
@
=l
40 2
0 10 15 20 25 30
length in km
Flowatt=0h
160 [ ' . | | .
‘TU'J
8150 - .
S
()]
X
£ 140 .
=
e,
130 - .
0 10 15 20 25 30
length in km

(K]« D>][>]
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Dynamic Gas Networks: A Numerical Example

min - w f(pge) min - W f(Pgrob)
Pdet pprob
st. p"i(t) € [p™, pher] YVt e [0, T] st. P (p"(t) € [p™, ppon) VE€[0,T]) > 0.9
pgleatx Z pmln pg]raoxb Z pmln
*,max kg *,max kg
Pt :42'15W Porot :42'49W

Probability density function of the min-max-sampling

37 375 38 385 39 395 40 405 41 37 375 38 385 39 395 40 405 41
min(p) min(p)
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Summary

e \We introduced the SRD and the KDE

e We computed the probability for a random load vector to be feasible using SRD
and KDE respectively

e We discussed the advantages and disadvantages of both methods

e WWe showed the existence of optimal solutions for a certain probabilistic
constrained optimization problem

e We showed that the optimal solution of the approximated problem is close to the
optimal solution of the exact problem

e We extended the KDE approach to a dynamic setting
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